This paper addresses an optimal cooperative tracking control method with disturbance rejection in the presence of no knowledge of internal dynamics for multi-nonholonomic mobile robot (NMR) systems. Unlike most existing methods, our method integrates kinematic and dynamic controllers into one using adaptive dynamic programming techniques based on the concept of differential game theory and neural networks, and is therefore entirely optimal. First, with the aim to reduce the computational complexity, the number of neural networks for each agent in the method is chosen to be less than one-third. Second, novel weight-tuning laws of the neural networks and online algorithms are proposed to approximate solutions of the HamiltonJacobi-Isaacs equations. By using Lyapunov theory, value functions and both cooperative control and disturbance laws are proved convergence to the approximately optimal values while the cooperative tracking errors and function approximation errors are uniformly ultimately bounded. Finally, the effectiveness of the proposed method is demonstrated by the results of the compared simulation and experiment on a multi-NMR system equipped with omnidirectional vision.
INTRODUCTION
Over the past few decades, inspired by the nature occurrences of the flocking of birds or the schooling of fish, a vast number of cooperative control results from the consensus or synchronization of multiple agents, including nonholonomic mobile robots (NMRs) and vehicles, have been reported [1 -10] . In such works, control methods have provided flexibly cooperative abilities, e.g., tracking desired trajectories of leader-follower formations or synchronizing distributed formations.
Under nonholonomic constraints, the kinematics of robots was efficiently exploited to achieve the cooperative controllers [1 -6] . Decentralized controllers were proposed in [1] to synchronize leader-follower formations. In [2] , kinematic formations with the assumption that only the leader had the information about the reference trajectory were controlled to perform tracking along straight paths. In contrast, the kinematic distributed formations were controlled to track the desired centered trajectory [3, 4] . Kinematic cooperative formations of leader-followers were forced to track a target using vision [5] and subject to saturated or bounded velocities [6] .
In the presence of dynamic uncertainties or disturbances, the cooperative kinematic controllers, however, could guarantee neither stability of the closed-loop system nor the best control performance. Therefore, dynamical controllers have been added to the cooperative control schemes using back-steeping techniques (see [7 -10] and references therein). Consequently, the main control scheme was separated into two successive sub-controllers. The former was manually designed based on an available kinematic model; then, the latter was designed by directly identifying dynamic uncertainties using NN or fuzzy approximators, of which inputs are outputs of the former. On the other hand, using the back-steeping techniques, it is worth emphasizing that most of the separated cooperative control schemes were adopted as distributed adaptive consensus without minimizing any performance index function; thus, obviously, they were not optimal control schemes.
It was shown in [11] that global optimal solutions were generally suitable for centralized systems. Therefore, the designs of optimal control schemes for cooperative or distributed systems are complicated; in particular, systems are affected by uncertainties and external disturbances. Recently, optimal control schemes have been considered. In [11 -13] , the control schemes achieved optimality; however, they ignored external disturbances. In contrast, in [14] , a distributed control scheme based on adaptive dynamic programming (ADP) methods using differential game theory and neural networks (NNs) achieved both optimality and disturbance rejection.
However, the optimal control schemes mentioned above were only applied for multiple linear agents. They could not be directly applied to nonlinear systems. In [15] , the global optimal synchronization scheme was proposed, although it ignored external disturbances. In [16] , a distributed control scheme was proposed to reject the external disturbances; however, the optimal criterion was not applied therein.
For the purpose of applying optimization theory to practical applications of multiple nonlinear NMR systems, optimal cooperative control schemes were developed [17, 18] . However, it is worth mentioning that NMR is a complex system that contains high inertia, high operating speeds, significant unmodeled dynamics and external disturbances [19] . Thus, in [17] , an inverse distributed optimal control scheme was proposed to minimize cost functions subject to cooperative tracking errors and control energy. However, the models of the robots were so simple that they were limited to double integrator systems. In contrast, a control scheme using a back-steeping technique combined with ADP was proposed in [18] . This scheme resulted in distributed optimal control of a leader-follower formation; however, by separating the control law into kinematics and dynamics, only a performance index function subject to dynamics was minimized. In addition, this scheme ignored the external disturbances in the analysis.
The use of a large number of NNs was an essential requirement for traditional ADP-based cooperative optimal control schemes [11, 12, 15, 20] , especially the schemes concerning external disturbances. Most recently, in [14] , for multiple linear agents, Jiao, et al. presented a scheme that used the so-called actor-critic-disturber (ACD) structure, consisting of a critic NN, an actor NN and a disturber NN, to approximate optimal value functions, optimal control laws, and disturbance laws, respectively. Because three NNs were required for each agent, 3m NNs are required for m agents (see [14] for more detail). As a result, algorithms of this scheme suffered from three vital disadvantages. First, they included two iterative loops, i.e., as the parameters of the disturber NN were updated in an iterative loop, the parameters of the actor NN had to wait for updating in the other loop. Second, the knowledge of system internal dynamics was required. Finally, the initial stability of the system strongly depended on how the initialization of the three-NN weights was performed. For those reasons, an increase in computational complexity in addition to wasted resources were inevitable [21, 22] .
In our previous work [23] , the design of an optimal cooperative control of multiple MIMO nonlinear systems overcame drawbacks of using many NNs. However, disturbance rejection was only considered for each agent, not for neighborhoods.
To the best of our knowledge, optimal cooperative tracking control schemes with disturbance rejection for multiple nonlinear agents in the presence of no knowledge of internal dynamics with application to nonholonomic robot systems has not yet been considered. In this paper, we provide such a scheme with the following main contributions.
A bounded 2
L -gain synchronization problem of a multi-NMR system in a distributed communication graph is formulated. In contrast with the work in [18] , we avoid separating kinematics and dynamics when designing the control scheme. Thus, a performance index function subject to all signals will be minimized.
2. The design of an optimal cooperative tracking control scheme is proposed. This work extends the work of [14] to three cases: (i) Consideration of nonlinear agents instead of linear agents; (ii) Use of only one NN for each agent instead of three to overcome some disadvantages caused by the large number of NNs; (iii) No prior knowledge of system internal dynamics for analyzing and designing control algorithms. We prove that the system parameters converge to the approximately optimal values, and the cooperative tracking errors and the NN approximation errors are uniformly ultimately bounded.
3. Through simulations, the proposed algorithms with other algorithms are compared to demonstrate effectiveness. To test our algorithms in practical applications, a hardware testbed, consisting of NMRs equipped with an omnidirectional vision system, is designed and constructed. Based on the experimental results, it can be inferred that our method is effective for a certain practical aspect of control systems technology including multiple nonholonomic mobile mechanic agents or autonomous vehicles.
The paper is organized as follows. Section 2 provides the theoretical background of graph and nonholonomic mobile robots from which integrated cooperative control is derived. Section 3 designs an optimal cooperative tracking control scheme. Section 4 shows the results of the simulation and experiment. A brief conclusion is given in Section 5.
BACKGROUND AND PRELIMINARIES

Distributed Communication Graph Theory
Consider m robots in a cooperative system. [19] .
The kinematics and dynamics of the ith NMR are written as [26] . is an acceleration function which satisfies Lipschitz assumption [27] . Then the cooperative tracking control problem of the multi-NMR system is to design 
For the ith NMR, the local tracking error functions are defined as [7] 
Furthermore, to avoid collisions, (5) is written as
where n i δ are coordinates of the front points on NMRs i and j . Taking the derivative of (5) or (7) and (6), with notation of (3) and (4), functions of tracking dynamics are rewritten as
For m NMRs, the overall functions of tracking dynamics are given by 
, where and are sub-matrices of and , formed by removing the elements of the leader.
Note that, (10) and (11) denote kinematic and dynamic equations. In almost reported studies, kinematic and dynamic controllers were designed successively based on these equations. In this paper, the objective of our design is to gain integrated controllers without separating kinematics and dynamics. To this end, the following transformations are performed. 
Adding and subtracting ()
n p v a nI g q v η I g q e (15) Next, the pseudo-control inputs of (10) and the real-control inputs of (11) are defined as
where the bounded 2 L -gain optimal control inputs qv g x diag g g are input matrices.
Then, the optimal cooperative tracking control scheme of the multi-NMR system with dynamics (3) is equivalent to the bounded 2 L -gain optimal control scheme of (18) . In other words, if the dynamical systems (3) are applied by the control law * ra u u u , the tracking error dynamics are transformed into the cooperative dynamical system (18) .
Proof: To evaluate the stability of the system (3) when applying r u , we rewrite the tracking error dynamic equations of (3) by substituting the control laws (16) and (17) into (12) and (14) with noting (13) and (15): Then, we choose the candidate Lyapunov function /2 J e e , and take derivative through (19): (20) One may easily recognize that the last term in the right-hand side of equation (20) is equal to zero. Thus, Eq. (21) can be rewritten in the reduced form as
.
On the other hand, if we also choose the Lyapunov candidate J for closed-loop dynamical system (18), after taking derivative, we obtain the result as (21) . One can conclude that the existence of a bounded 2 L -gain optimal tracking controller to make (21) is negative to stabilize the dynamical system (18) is sufficient to make dynamical systems (3) stable. 
DESIGN OF OPTIMAL COOPERATIVE TRACKING CONTROL SCHEME WITH DISTURBANCE REJECTION
In this section, motivated by the design of the optimal cooperative tracking control scheme with disturbance rejection but only applied to multiple linear agents [14] , we propose a novel control scheme to apply to multiple nonlinear agents, of which the multi-NMR system in the paper is one.
Bounded 2 L -Gain Problem for Multi-NMR Systems
Consider nonlinear cooperative dynamics of each NMR, derived from (18), with the measured outputs
where () 
( )
Two-player zero-sum differential game theory [29] can extensively be studied to find solutions of the bounded 2 L -gain problem for the system (22) subject to (24) 
Using Leibnizs formula, a differential equivalent to (28) is given by the Hamiltonian 2 2 , , ,
Using the stationary condition for (29) , one obtains
with boundary condition (0) 0 i V . The following coupled HJI equations for the cooperative tracking problem are obtained by substituting (30) and (31) into (29):
where the closed-loop system corresponding to the ith NMR is defined as 
Let all optimal control laws and worst disturbance laws be functions of given solution i V ,
i.e., ( ) 
Proof: Complete the squares in (32) to obtain (35). 
Proof:
The proof is similar to the proof of Theorem 1 in [14] and is omitted here. 
Lemma 4 (Solution to
Proof:
The proof is similar to the proof of Theorem 2 in [14] and is omitted here.
It is shown in [29] that the nonlinear bounded 2 L -gain optimal control problem relies on values of multi-player zero-sum games; in particular, as shown in Lemma 4, the values are the solutions of the coupled HJI equations (32) . However, the HJI equations are impossible to solve analytically.
Optimal Cooperative Tracking Control Scheme with Disturbance Rejection and Algorithms in Real Time
In this section, we design a control scheme and online algorithms to solve the HJI equations (32) based on reinforcement learning techniques of [12, 14] . However, in contrast to most existing schemes using ADP for learning the solutions of the HJI equations, the scheme in this paper uses only one critic NN and does not need knowledge of system internal dynamics. Moreover, the online algorithms synchronously update parameters in one iterative loop.
According to the Weierstrass higher order approximation Theorem [30] Substituting (30), (31) and (38) into (32), the NN-based coupled HJI equations are obtained 
e t e t T e t
Later, Theorem 1 shows that if the tuning laws (46) are used in online algorithms to learn the solutions of (39), the approximated NN weights will converge and be stable. 
Using NN (36) for (50), 
Note that, from (44), i H e in (45, im can be written as
Using ( ( )
Notice that, using p T for (51), and then subtracting to (56),
On the other hand, comparing (55) with (54), we obtain: . This approximation error is the same as the approximation error in [33] , and the reminder of the proof is followed by the proof of Theorem 1 in [33] .
Online Algorithms: Based on (46), we design online algorithms for optimal cooperative tracking control (OCTC) (as shown in Algorithm 1), where all parameters of control and disturbance laws are updated simultaneously in one iterative loop, in contrast to policy iteration algorithms using three NNs for each agent in [14] .
Algorithm 1. Online OCTC
Step 1: Step 
Stability and Convergence Analysis
Stability and convergence of the closed-loop systems (22) when the ith NMW performs the online OCTC with the NN weight tuning law (46), control law (42) and disturbance law (43), are stated and proven by the following theorem.
Theorem 1: Let the cooperative dynamics of the multi-NMR systems be defined in (18) , which gives the ith dynamics in (22) , for all i, i = 1, ..., m. Let the cooperative value function of NMR i be chosen as (28) and the coupled HJI equations as (32) . Let the NN weight-tuning law be defined in (46), the control law in (42) and the worst case disturbance law in (43). Let i be the PE condition (52). Assume that NMR i performs the online OCTC and that the control law and disturbance law of the neighborhoods in the previous steps were updated and stable with * . Then, the online OCTC guarantees that 
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Using the graph theory in Section II, the communication of the multi-NMR system is chosen (Fig. 2) , is represented by arrows. It is desired that information of the virtual leader is only available to NMR 1.
To verify the effectiveness of the proposed algorithm for practical applications we developed the hardware testbed thatconsists of three experimental NMRs as shown in Fig. 1 Each neighbor of NMR 1 has only one frame and a control board. Communication with others is achieved using XBee radio transceivers. At each sample point, the neighbors send their encoder pulses to and receive torques from NMR 1. In the case of a dropped packet, the previous data packet is used.
In the embedded computer, software based on the VC++ programming language running on the Windows platform is programmed to implement image processing via the OpenCV software to identify the positions and linear velocities of all NMRs, read the encoder pulses to compute the rotation velocities, process communication, execute the online algorithm, and send the torque signals to the micro-controllers for controlling the DC motors through the pulse width modulation (PWM) technique with a frequency of 20 kHz. The upper bounds of the torques are selected as
i
Nm. In addition, the software generates reference trajectories of positions and the velocities. The embedded computer and the micro-controller communicate to each other via the RS232 protocol. Users can remotely start or stop the testbed through interfacing tools on the remote computer connected to the embedded computer through the wireless network. The data generated by the NMRs during movement are stored and plotted in Matlab. Only NMR 1 is equipped with the omnidirectional vision system (OVS), which is shown in Fig. 3 . OVS consists of a camera and a hyperbolic curve mirror with the optical center C and a bend radius R . The mirror is placed on a glass tube with a diameter 0.2 D m. The camera, with a resolution of 1280 720 pixels and a frame rate of 30 fps, is fixed to the top of the robot platform at the geometrical center. The vertical center axis of the glass tube goes through the focus point of the camera and the mirror center. The distance between the origin O and the bottom point of the mirror 1 C , which is measured along the vertical axis, is 0.5 H m. The OVS can recognize the colored landmarks in any direction; therefore, any mechanism to adjust the rotation of the camera around the pan, tilt and yaw axes is not needed.
Consider the Cartesian coordinate system OXY fixed at the surface of NMR 1, where the origin O coincides with the geometrical center and OX aligns with the vertical axis of symmetry. Via OVS and image processing, it is not difficult to measure the center coordinate of any landmark placed around the robot in the image space OXY in units of pixels. However, when the robot moves, to identify every coordinate in the world space OXY in units of length, we need an identity operation [25] . Here, we use an NN with radial basis functions (RBFs). The RBFs are trained offline using samples, which are the center coordinate of the landmark measured in the image space (pixels) as inputs and in the world space (meters) as desired outputs. Using the approximation ability of the RBF, the centers of any landmarks surrounding the robot can be recognized and transformed into the world coordinates.
To determine the center position coordinates of NMR 1 in the horizontal plane, we choose the Cartesian coordinate system Oxy based on two differently colored landmarks (as shown in 
CONCLUSION
This paper provides a new distributed optimal cooperative tracking control method with disturbance rejection for multi-mobile robots. The method removed the phenomenon of separating the main controller and transformed a structure ACD with three NNs into a structure with only one NN for which the novel NN weight-tuning laws were designed. The online optimal cooperative control algorithms of the scheme, in which the knowledge of internal dynamics was relaxed, were proposed to approximate the Nash equilibrium solutions of the HJI equations. The algorithms guaranteed that the value functions and the control and disturbance laws simultaneously converged to the optimal values and that the cooperative tracking errors of the closed-loop systems and approximation errors of NN weights were uniformly ultimately bounded. The compared simulations were carried out, and the experimental results on the testbed equipped with an omnidirectional vision system were consistent with the simulation. Based on the experimental results, it can be inferred that our method is effective for a certain practical aspect of control systems technology including multiple nonholonomic mobile mechanic agents or autonomous vehicles, which track both positions and velocities.
